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Abstract 

It was conjectured by Alon and proved by Friedman that a random d-regular graph has 
nearly the largest possible spectral gap, irrore precisely, the largest absolute value of the non¬ 
trivial eigenvalues of its adjacency matrix is at most 2-\/d — 1 -|- o(l) with probability tending to 
one as the size of the graph tends to infinity. We give a new proof of this statement. We also 
study related questions on random n-lifts of graphs and improve a recent result by Friedman 
and Kohler. 


1 Introduction 

Consider a finite graph G = {V,E) with n = \V\ vertices. Its adjacency matrix A is the matrix 
indexed by V and defined for all u, n € V by A^v = l({ri, u} G E). The matrix A is symmetric, its 
eigenvalues are real and we order them non-increasingly, 

IJ-n < ■ ■ ■ < 

We assume further that, for some integer d > 3, the graph G is d-regular, that is, all vertices 
have degree d. We then have that fii = d, that all eigenvalues have absolute value at most d, 
and Hn = —d is equivalent to G being bipartite. The absolute value of the largest non-trivial 
eigenvalues of G is denoted by /r = max{|/rj| : |/ij| < d}. Classical statements such as Cheeger’s 
isoperimetric inequality or Chung’s diameter inequality relate small values of ji or H 2 with good 
expanding properties of the graph G, we refer for example to [10, 15]. It turns out that fi cannot be 
made arbitrarily small. Indeed, a celebrated result of Alon-Boppana implies that for any d-regular 
graph with n vertices, 

fj.2 > 2y/d-l - ed{n), (1) 

where, for some constant > 0, Sd{n) = c^/logn, see the above references and [26]. Following 
[21, 19], one may try to construct graphs which achieve the Alon-Boppana bound. A graph is called 
Ramanujan if ^ < 2\/d — 1- Proving the existence of Ramanujan graphs with a large number of 
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vertices is a difficult task which has been solved for arbitrary d > 3 only recently [20]. On the 
other end, it was conjectured by Alon [2] and proved by Friedman [12] that most d-regular graphs 
are weakly Ramanujan. More precisely, for integer n > 1, we define Gd{n) as the set of d-regular 
graphs with vertex set {1,..., n}. If nd is even and n > no{d) large enough, this set is non-empty. 
A uniformly sampled d-regular graph is then a random graph whose law is the uniform distribution 
on Gd{n). 

Theorem 1 (Friedman’s second eigenvalue Theorem [12]). Let d> 3 be an integer and nd he even 
with n > no{d). If G is uniformly distributed on Qd{n), we have for any e > 0, 

lim P("/i 2 V j/r„] > 2 \/d — 1 -t- e) =0, 
where the limit is along any sequence going to infinity with nd even. 

The first aim of this paper is to give a new proof of this important result. The argument detailed 
in Section 2 simplifies substantially the original proof and it allows to take, in this above statement, 
e = clog log n/log n for some large constant c > 0 depending on d. The method is quite robust 
and it has already been recently applied in [7] to random graphs with structures (stochastic block 
model). 

The second aim of this paper is to apply this method to study similar questions on the eigenval¬ 
ues of random lifts of graphs. This class of models sheds a new light on Ramanujan-type properties, 
and, since the work of Amit and Linial [3, 4] and Friedman [11], it has attracted a substantial at¬ 
tention [17, 1, 18, 27, 13]. To avoid any confusion in notation, we will postpone to Section 3 the 
precise definition of random lifts and the statement of the main results. In Section 4 we will give 
a simpler proof of a recent result of Friedman and Kohler [13] and establish a weak Ramanujan 
property for the non-backtracking eigenvalues of a random lift of an arbitrary graph. 


Notation. If M G M„(M), we denote its operator norm by 


IIMJ] = sup 


||Mxll2 

lla^lb 


For non-negative sequences an, bn, we will use the standard notation a„ ~ bn, an = Oihn) and 
On = o(bn). The underlying constants may depend implicitly on the integer d > 3. Finally, we shall 
write that an event holds with high probability, w.h.p. for short, if IP(fl[i) = o(l). 


2 Proof of Theorem 1 

2.1 Overview of the proof 

Let us describe the strategy of proof of Theorem 1 and its main difficulties. Following Fiiredi and 
Komlos [14] and Broder and Shamir [8], a natural strategy would be to use the trace method. 
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Namely, if we manage to prove that w.h.p. 


iiA^ < + n^2 \/d — 1 + o(l)^ . (2) 

for some even integer k = k(n) such that k S> logn then Theorem 1 would follow. Indeed, (2) 
implies that w.h.p. 

+ -d^ < n(2Vd^ + o(l)) . 

Therefore, w.h.p. 

h 2 V l/Tnl < (2y/d- 1 + o(l)^ = 2Vd - 1 + o(l), 

where the last equality comes from = 1 + o(l). From Serre [28], we note that for any e > 0, 
there is a positive proportion of the eigenvalues of A which are larger than 2 \/d — 1 —e, this explains 
the necessary presence of the factor n on the right hand side of (2). Observe also that the entries 
of the matrix A^ count the number of paths of length k between two vertices. Since k ^ logn, we 
are interested in the asymptotic number of closed paths of length k when k is much larger than the 
typical diameter of the graph. 

The presence of d^ on the right hand side of (2) is cumbersome. Alternatively, we may project 
A on the orthogonal of the eigenvector 1 associated to //i = d and then compute the trace. We 
should then prove that w.h.p. for some even k, k^ logn, 

trA^ — = tr< n^2\/d — 1 + o(l)^ , (3) 

where J = 11* is the n x n matrix with all entries equal to 1. 

The main difficulty hidden behind Friedman’s Theorem 1 is that statements (2)-(3) do not hold 
in expectation for k S> logn. This is due to the presence of subgraphs in the graph which occur 
with polynomially small probability. For example, it follows from McKay [23] that for n large 
enough, the graph contains as subgraph the complete graph with d + 1 vertices with probability 
at least n“'^ for some explicit c > 0. On this event, say fl, the graph is disconnected and /i 2 = d. 
Hence, for k even, 

7 \ k 

A--j] > d¥(fi) > d'^n-'^. 
n / 

For k S> logn, the right hand side is much larger than n{2^Jd — 1 + o(l))^. The event Vl is only an 
example among other unlikely events which prevent statement (2)-(3) to hold in expectation, see 
[12] for a more detailed treatment of this key issue. In [12], the subgraphs which are responsible of 
the large expectation of the trace are called tangles. In this paper, we will use a simpler definition 
of the word tangle (Definition 5). 

The proof will be organized as follows. First, as in the original Friedman’s argument, we will 
study the spectrum of the non-backtracking matrix B of the graph instead of its adjacency matrix A. 
Through the Ihara-Bass formula, the eigenvalues of A and B are related by a quadratic equation. 


EtrA^ - d^ = Etr 
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and it is easier from a combinatorial viewpoint to count the non-backtracking paths which will 
appear naturally when taking powers of the matrix B. This step will be performed in §2.2, where 
will restate Friedman’s Theorem in terms of the second largest eigenvalue of the non-backtracking 
matrix of the random configuration model. 

We will not directly apply the trace method to B. We shall fix some integer i of order logn. 
The second largest eigenvalue of B in absolute value, say A 2 , satisfies, 


1 ^ 2 !^ < max 


{x,l>=0 ||x||2 


We will then use the crucial fact that w.h.p. the graph is free of tangles. On this event, we will 
have the matrix identity 

B^ = 


where B^^^ is a matrix where the contribution of all tangles will vanish at once. Thanks to elemen¬ 
tary linear algebra, we will then project the matrix B^^'> on the orthogonal of the vector 1 and give 
a deterministic upper bound of 


max 

(a;,l)=0 




X \\2 


\ X \\2 


in terms of the operator norms of new matrices which will be expressed as weighted paths of length 
at most i. This step is contained in §2.3, it is inspired from Massoulie [22] and was further developed 
in [7]. 

In the remainder of the proof, we will aim at using the usual trace method to upper bound the 
operator norms of these new matrices: if C is such matrix, we will write 


EjlCf"* = £11(7(7*11™ < Etr((7(7*)™ 


( 4 ) 


for some integer m of order logn/log logn. By construction, the expression on the right hand side 
is an expected contribution of some weighted paths of lengths k = 2m£ of order (log n)^/log logn. 
Hence, in our strategy, we reach a path length of size k = 2mi S> logn by using an intermediary 
step where we modify the matrix B^ in order that it vanishes on tangles. 

The study of the expected contribution of weighted paths in (4) will have a probabilistic and 
a combinatorial part. The necessary probabilistic computations on the configuration model are 
gathered in §2.4, we will notably estimate the expectation of a single weighted path of polynomial 
length thanks to an exact representation in terms of the confluent hypergeometric function. In §2.5, 
we will use these computations together with combinatorial upper bounds on non-backtracking 
paths to deduce sharp bounds on our operator norms. The success of this step will essentially rely 
on the fact that the contributions of tangles vanish in B^^\ This step is again inspired by [7]. 
Finally, in §2.6, we gather all ingredients to conclude. 
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2.2 The non-backtracking matrix of the configuration model 

In this subsection, we will restate Theorem 1 in terms of the spectral gap of the non-backtracking 
matrix. For the forthcoming probabilistic analysis, we will define in a slightly unusual way this 
non-backtracking matrix. It will be tuned to the conhguration model, this probabilistic model 
is closely related to the uniform distribution on Gd{n) and it is simple enough to allow explicit 
computation, for background, we refer to [6]. To this end, we dehne the finite sets 

k = {!,...,n} and E = {{v,i) : v ^ V,1 < i < d}. 

An element of V will be called a vertex and an element of E, a half-edge. The set 

E{v) = {(u,i) '■ 1 < i < d}, (5) 

is thought as a set of half-edges attached to the vertex v £ V. If X is a hnite set of even cardinal, 
we define M[X) as the subset of matchings of X, that is permutations a of X such that for all 
X £ X, = X and cr{x) / x. If cr S M{E), we can classically associate a multi-graph G = G{a), 

defined through its adjacency matrix A £ M„(M), by the formula for all u,v £V, 

d d d 

Auv = A^u = l(o-(tt,z) = a{v,j)) = ^ l(o-('u,z) G E{v)). 

2 = 1 j = l 2=1 

Graphically, G{a) is the multi-graph obtained by gluing the half-edges into edges according to the 
matching map a. 

Observe that G £ Gd{n) if and only if for all u / u G k, A^u = 0 and A^v £ {0,1}, equiv¬ 
alently a{E{u)) r\ E{u) = 0 (no loop) and \a{E{u)) 0 E{v)\ £ {0,1} (no multi-edge). It is easy 
to check that if a is uniformly distributed on M{E) then the conditional probability measure 
P(G((t) G • |G((t) G Qd{n)) is the uniform measure on Qd{n). Importantly, from [6, Theorem 2.16], 
the following holds 

lim P(G(cr) G Gd{n)) = , (6) 

T2—>-CX) 

The Hashimoto’s non-backtracking matrix i? of G is an endomorphism of dehned in matrix 
form, for e = {u,i), f = iv,j) by 


= l(a(e) G E{v)\{f}). 

Alternatively, if M is the permutation matrix associated to cr, defined for all e, f £ E hy 

M,f = Mf, = \{a{e) = /), (7) 

and N is the endomorphism of defined in matrix form, for e = (ti, i), / = (u,j) by 

= Nfe = l(n = u; z / j), (8) 
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we get easily 


B = MN. (9) 

If m = nd, we denote by Ai > IA 2 I > • • • > |Am| the eigenvalues of B. Let 1 G be the vector 
with all entries equal to 1. Observe that by construction N1 = [d — 1)1 and Ml = 1. We deduce 
that 

Bl = {d-l)\ and B*\={d-l)X (10) 

Hence, the Perron eigenvalue of B is 

Ai = d — 1. 

The Ihara-Bass formula asserts that if G G Gd{n) and r = \E\/2 — \ V\ = mj^ — n, 

det(/_B — Bz) = (1 — z^Y det(/y — Az + {d — l)z^Iv), (11) 

for a proof, we refer to [16, 29]. This formula will be used as a Rosetta Stone between the spectra 
of A and B: if (t{A) and (j{B) are the set of eigenvalues of A and B, we get the identity, 

a{B) = {±1} U {A : A^ - /iA + (d - 1) = 0, /r G a(H)}. (12) 

Consequently, from (6)-(12), Theorem 1 is implied by the following statement. 

Theorem 2. Let a be uniformly distributed on M[E) and A 2 be the second largest eigenvalue of 
B. For any e > 0, 

lim pf|A 2 | > Vd — 1 + e) = 0 . 

n—>-oo \ / 

The remainder of this section is dedicated to the proof of Theorem 2. 


2.3 Path decomposition 

The following elementary lemma is the algebraic ingredient. 


Lemma 3. Let i?, 5 G M„(C) such that im(S') C ker(i?) and im(S'*) C ker(i?). Then, if X is an 
eigenvalue of S + R and not an eigenvalue of S, 


|A| < max 
a:Gker(S') 


||(>g + R)x||2 

Iklb 


Proof. If A 7 ^ 0 is an eigenvalue of S' + R and is not eigenvalue of S then it is an eigenvalue of 
R (indeed, we have det(S + R — X) = det(S — A) det(I + R{S — A)“^) and R{S — A)“^ = —X~^R 
since im(S) C ker(R)). Consequently, |A| < ||i?||. Now, we write x = y + z, with y G ker(S) and 
2; G ker(S)-‘-. Since ker(S)-*- = im(S*) C ker(i?), we get Rx = Ry = (S + R)y. □ 
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We fix a positive integer i. From (10), we may apply Lemma 3 to the symmetric matrix 
S = {d — l)^ll*/(nd) and R = — S. We find a Courant-Fisher type inequality, 

IA 2 I < sup ||i?^a;|| 2 ^^, (13) 

a;:(3;,l)=0,||3:||2=l 

where we recall that A 2 is the second largest eigenvalue of B. The right hand side of the above 
expression can be studied by an expansion of paths in the graph. To this end, we will use some 
dehnitions for the sequences 7 = ( 71 ,... , 7 ^) G which we will naturally encounter to express 
the entries of B^ as a count of non-backtracking paths in the graph. 

Definition 4. For a positive integer k, let 7 = ( 71 ,... , 7 ^) G , with jt = 

- The sequence 7 is admissible if for all t > 1, 724-1 7 ^ 724 - The set of admissible sequence is 
denoted by 11 *^. 

- If ^ ^ the set of visited vertices and pairs of half-edges are denoted by Vy = {vt : 1 < t < k} 
and Ey = {{724-1,724} : 1 < t < k/2}. We denote by Gy the multi-graph with vertex set Vy and 
edges given by Ey, that is {{^24-1,^24} : 1 < t < k/2}. 

- The sequence 7 G is a non-backtracking path if for all t > 1, V 2 t+i = V 2 t and 724+1 7^ 724 

(that is = 1, where N was defined by ( 8 )}. The set F^ is the set of non-backtracking 

paths. If e, f ^ E, we denote by F^j paths in F*^ such that 71 = e, 74 , = f, and similarly for 11^^. 

We will use the convention that a product over an empty set is equal to 1 and the sum over an 
empty set is 0. By construction, for integer k > 0, from ( 9 ) we find that 

k k 

)e/ — ^ ^ -A^72 s-172s-A^72s72s+ 1 ~ ^ y J_ _[ ^ 123-1123 ) 

7gn^}+^ s=i 7Gr^}+^ ^=1 

where M is the permutation matrix associated to a defined by (7). Note that, in the above 
expression for B^, we have pulled apart the configuration and combinatorial parts: the set 
does not depend on a, only the summand depends on it. We set 

(14) 

Observe that M is the orthogonal projection of M on I-*-. Also N1 = {d — 1)1 and N is symmetric. 
Hence, setting H = MN, we get from ( 9 ) that, if x G I"*-, 

B^x = B^x. (15) 

Moreover, using (B)^ = jMN)^. we find 

E n 

y&Tl)+^ s=l 


7 


The matrix S will not be used in our analysis. As pointed in § 2 . 1 , due to polynomially small 
events which would have had a big influence on the expected value of or ^ in the forthcoming 
probabilistic analysis, we will first reduce the above sum over to a sum over a smaller 

subset. We will only afterward project on I-*-, it will create some extra remainder terms. Following 
[12, 9, 25, 7], we introduce a central definition. 

Definition 5 (Tangles). A multi-graph H is tangle-free if it contains at most one cycle (loops and 
multi-edges count as cycles), H is £-tangle-free if every neighborhood of radius £ in H contains 
at most one cycle. Otherwise, H is tangled or (.-tangled. We say that an admissible ^ ^ is 
tangle-free or tangled if is. Finally, and F^j will denote the subsets of tangle-free paths in 
andF^^f. 

Obviously, if G is .^-tangle-free and 0 < k < i then 

= B^^\ (16) 

where 

k 

E n ^72.-172.- 

^£^2^+1 S=1 

For 0 < k < i, we define similarly the matrix on by 

E (17) 

s=i 

Beware that it is not true that if G is Atangle-free and 2 < k < ( that Nevertheless, at 

the cost of extra terms, as in (15), we will express in terms of for all x G I-*-. We start 

with the following telescopic sum decomposition: 

(B'")./ = (B<'>)e/+ E EnM,,._„..(T)n -^72s-i72s; (1^) 

^g^ 2 £+l k=l S =1 7 / 

which follows from the identity, 

e e £ k-i i 

n =n +E n n 

s=l s=l k=l B =1 k+1 

We now rewrite (18) as a sum of matrix products for lower powers of and B^^'^ up to some 
remainder terms. In words, we may decompose a path 7 G a- path in a path in 

^ 72 fc-i, 72 fc+i ^ path in path is in (that is, it is tangle-free), then the 

three paths are tangle-free, but the reciprocal is not necessarily true. This will be the origin of the 
remainder terms. We denote by K the matrix on defined by 


K = {d-i)ir -N. 


Observe that K^f G {d — 1, d — 2} is the cardinal of = F^jr. As pointed above, we need to 
consider paths which can be decomposed in tangle-free paths but which are not tangled-free. To 
this end, for 1 < A: < m — 1, TJF C is the set of 7 = (71,... ,7m) such that, if 7^ = {vs,is), (i) 
7' = (71,... ,7fc) G F^, (ii) 7" = (7fc+i,.. .,7m) G (hi) Gy U Gy U {vk,Vk+i} is tangled (if 

Vk = Vk+i, {vk,Vk+i} is a loop edge). Then, if is the subset of 7 G T™ such that 71 = e and 
7m = /, we set 

fc-i e-i 

(-^i^)e/~ ^ '^("1') rr ^ 72 s-i 72 s ri ■^'>'2 st'2s+ii (i^) 

're^2Ll,ef " = ^ " = 

with a{'y) = Ar.y 2 fe_i 72 i; ■ Summing over 72 ^ in (18) and setting 7 ^ = 74-1 for t > 2A: -|- 1, we find that 


an an ^ 

k=l fc=l 


t -c J 

dn * ^ ‘ ^ ^ ‘ 


k=l 


dn 


k=l 


dn ^ 
k=\ 


Observe that if G is ^-tangle free, then, from (10)-(16) , \*= [d — 1)^ ^1*. Hence, if G 
is ^-tangle free and (x, 1 ) = 0 , ||x ||2 = 1 , we find 


B'xib < lia<"ll+:^E iis“-''II(<'-i)'-‘+' + ;^Eii4'’ii. 


dn 


k=l 


dn 


k=l 


where we have used that ||H^|| = {d— 1)^ and ||A^|| = d — 1 (indeed A" is a {0, l}-matrix with d — 1 
non zeros entries on each row). Putting this last inequality in (13), the outcome of this subsection 
in the following lemma. 


Lemma 6. Let (. >1 he an integer and a G M{E) he such that G(a) is i-tangle free. Then, 


|A2|< {\\ b ^^^\\+ + 


i/e 


k=0 


k=l 


2.4 Computation on the configuration model 

The configuration model allows some explicit probabilist computation. In the remainder of this 
section, G = G(a) where a is uniform on M(E). Our first lemma checks that G is ^-tangle free if 
£ is not too large. An alternative argument can be extracted from [24] (with a different method). 

Lemma 7. Let £ ~ K\og^_i n with k < 1/4. Then w.h.p. G is £-tangle free. 

Proof. We fix u G H and build a process which sequentially reveals the neighborhood of v. Infor¬ 
mally, this process updates a set Dt of half-edges e £ E which are in the neighborhood of v but 
whose matched half-edge cj(e) has not been revealed yet. We start by the half-edges in E{v) (which 
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was defined by ( 5 )) and then the half-edges which share a vertex with an half-edge in a{E{v)) and 
so on. It is defined formally as follows. As stage 0 , we start with Dq = E{v) C E. At stage t > 0, 
if Dt is not empty, take an element et+i in Dt which has been added at the earliest possible stage 
(we break ties with lexicographic order). Let ft+i = a{et+i) = If ft+i £ Dt, we set 

Dt+i = Dt\{et+i, ft+i}, and, otherwise, 

Dt+i = {Dt U Ll('Ui+i))\{et+i, ft+i}- 


At stage r < dn, D^ is empty and we have explored the connected component of v. Before stage 

i-i 

m = ^ d{d — 1 )^“^ = o{{d — 1 )^^, 

k=l 

we have revealed the subgraph spanned by the vertices at distance at most i from v. Also, if v has 
two distinct cycles in its neighbor hood, then S{v) = SrAm > 2 . where, for f > 1 , 

t 

St = '^es and ej = l(/t G A-i)- 


At stage t > 0, 2t values of a have been discovered (namely a{es) and cr{fs) for 1 < s < f) and we 
have 

t t 

\Dt\ = d-\- ^ ^ (d — 2)(1 — £g) — 2 ^ ^ = (f -|- \)d — 2t — dSt- 

S=1 S=1 

We will denote by Et the a-algebra generated by {Dq, ■ ■ ■ ,Dt) and the condition probability 
distribution. Then, r is a stopping time and, if f < r A m. 


^J^t{^t+i = 1 ) 


\Dt\ - 1 

nd — 2t — 1 



= q- 


Hence, S{v) is stochastically dominated by a Bin(m, g) variable. Now, recall that the probability 
that Bin( 7 T 7 -, q) is not in { 0 , 1 } is at most q^m{m — 1 ) < q^m?. In particular, from the union bound. 


P(G is ^-tangled) < 


V=1 


F{S{v) > 2 ) < = O 


V=1 


{d-1) 


4i 


n 


It concludes the proof of Lemma 7 . 


□ 


The next crucial proposition implies that the variables Mg/ defined by ( 14 ) are nearly centered 
and almost independent. As in Definition 4 , for 7 = (71,-•• ,7fc) G E^, we say that an edge 
{e,/} G E^ is consistent if {t : e G {724-1,72*} or / G {724-1,72*}} = {t : {724-1,72*} = {e,/}}- 
It is inconsistent otherwise. The weight of an edge y G E-y is l({724-i,72*} = 2 /)- In words, an 
edge is consistent in 7 if its half-edges are uniquely paired together, and the weight of an edge is 
the number of times that it is visited on the path. 
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Proposition 8 . There exists a constant c > 0 such that for any admissible 7 G with k < y/dn 
and any ko < k, we have, 


fco k 

^rT—T'2t-i72t rr -l72t 

t=l t=ko-^l 


< c9^ 


-Y 

dn J 


«Y'. 


VdnJ 


where a = \E^\, b is the number of inconsistent edges of 'j and a\ is the number of 1 < t < ko such 
that { 724 - 1 , 72 t} is a consistent edge of weight 1 in E^. 

The important part in Proposition 8 is the factor {Ak/y/d/n)°'^, it reflects the weak centering 
and independence when k = o{^/n). This term would be absent if the absolute value in Proposition 
8 would have been inside the expectation. We will use the Pochhammer symbol, for non-negative 
integers n,k, 

k-l 

{n)k= 

4=0 

Recall the convention that a product over an emptyset is equal to 1. We will use that, if k{k V t) < 
an, kV t < n/2, 

{n)k > and (n — t)'^ > ( 20 ) 

(indeed, {n)k > [n — k)^ and (n — t)^ = exp(A: log(l — t/n)) > exp(—2/ct/n) since log(l —x) > 
—x/(l — x) for 0 < X < 1 ). 

We start with a lemma which could be stated alternatively in terms of the confluent hypergeo¬ 
metric function. 


Lemma 9. Let k > 1 be an integer, 0 < p < 1 and N be a Bin(A:,p) variable, if q > p and 
4(1 —p/qY < ^qk'^ < 1, we have 


N 


Eli 




< 4(3A:V^)^ 


Proof. Let /(x) = E]Y[^=i (^ — ^ = l/id ~ 1) and e = (1 — p/q)/{l —p). We write 


/(“I)=E (7‘(‘ - pE' ri (" -;)=(1 - p)‘ e (t) n 

We note that the function / can be expressed in terms of the confluent hypergeometric function, 
that is f{q) = p^U{—k, l/q — k, 1/p — 1). The lemma is then a consequence of known asymptotic, 
we will however give an elementary proof. We write 


4-1 

n (1 + '^^) 

n =0 


t—1 s t—1 

i+E«'En"- = i + E'*‘ft(*). 

s=l (s) i=l s=l 
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where is the sum over all {ni)i<i<s all distinct and 1 < n* < t — 1. We observe that 1 1 —)• Ps{t) 
is a polynomial of degree 2 s in t and for t > 1, Ps{t) < (t — 1 )^^, (there are {t — 1 )^ elements in 
each of them is bounded by (t — l)^). We set Po{t) = 1, we deduce that 


\f{Q)\ < 



{-l)\l-eyPs{t) 


( 21 ) 


There are cancellations in the above sum if e = 0 (that is q = p). Consider the derivative of order 
m of (1 + x)^ = Ylt=o vanishes at x = —1 for any 0 < m < A: — 1. We get that for any 

0 < m < A: — 1, 

Since Qt '■ x ^ {x)t is a monic polynomial of degree t, Qq, ..., Qk-i is a basis of ]Rfc_i[x]. It follows 
by linearity that for any polynomial P of degree at most A: — 1, 


0 = ( 22 ) 

We use that Ps is a polynomial of degree 2s, we deduce from (21) evaluated at g = p that 


\f{p)\ < 

k-1 

E 

|4|‘E())i^>(‘)I 

t=o ^ 2 


s=L(fc-l)/2j+l 

< 

CXD 

E 

\5\^2^{k-lA 


s=L(fc-l)/2j+l 


< 

2{2kAp)\ 



where at the last line, we have that |(i|(A: — 1)^ < pkP' < 1/2. It proves the lemma when p = q. 
More generally, if 0 < e < I, the same computation gives 

k—1 k /]\ 

E ^ 2(2*:y9)‘, 

s=[(fc-l)/2j+l i=0 ^ '' 

For I < s < [(A: — l)/2j, we may exploit (22) by using Taylor formula in 0 < e < 1, 

(1 - eY = ^(-er (1) = TkAt) + RkAt)- 

where Tk^sit) = AA'" Cr) is a polynomial in t of degree A: — 1 — 2s and 
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We get from (22) that 


L(fe-1)/2J 


E i*E , = E «*E , 


^ t 

s=0 t=0 ^ 

Taking absolute values, we find 
L(fc-1)/2J k 


s=0 t=0 


E i'Eu 



L(fc-1)/2J 

= 

E 


s=0 


L(fc-1)/2J 

< 

E 




[{k- 

< 

CO 

< 

2[3ky/qy 


t=o 


\2s 


)2s^-2s 


where at the last line, we have used that |(5|(A: — Vf‘e ^ > qk‘^{l — p/q) ^ > 2. From (21), it 
concludes the proof of the lemma. □ 

We will use the following elementary lemma on conditional expectations. 

Lemma 10. Let T, {Xt)t>o,{xt)t>o be random variables defined on a common probability space 
with T a non-negative integer variable and Xt, xt real variables. Let Ft = (j{T,{xs)s-,{Xs)s^t) be 
the a-algebra generated by all variables hut Xt. We assume that |E(Xo|J-o)l E xq and for t > 1, 
E{\Xt\\Ft) < Xt. Then, 


EllXt 


t=o 


t=o 


Proof. By conditioning on the value of T, we may assume without loss of generality that T is deter¬ 
ministic. We write E ](([^Q W = ^ Hence, from Jensen 

inequality and our assumptions, E\\^^QXt < E^xcH^i Now, let Qt = a{{xs)si{Xs)s<t)i 

since Qt C Ft, we have 


T-l 


T-l 


E xoni^tl =lEUon l^illEd^Tlie^T) =1E xon l^dE(E(|XT||J-r)er) 


t=i 


t=i 


t=i 




Applying our assumption, we find, since xt ^ Qt, 

/ T \ 


T-l 


E xo \Xt\ < IE. xqXt \Xt 


t=i 


t=i 


We then repeat the above step. 


□ 
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Proof of Proposition 8. We first assume that all edges are consistent. The proof relies on a careful 
conditional expectation argument. We set E.y = {yi,..., Ua} and jjt = {et, ft}- Note that et 7^ ft 
since 7 is admissible. We also set m = dn and 

E* = E\ IJ {etjt}. 

l<t<a 

In particular, since all edges are consistent, |£i*| = m — 2a. The weight of yt is equal to Pt + qt, 
where pt is the weight of y* in (71,..., 72^0) and qt its weight in (72^0+1; • • •, 72fc)- We have 

ko k a 

t=l t=ko+l t=l 

For integer p, we introduce the sets Tp = {t : pt = p,qt = 0} and T' = {t : qt > 1}, Tp is 

the set of edges with weight p and which does not appear in (72fco+i5 • • •) 72fc)- By assumption 

|Ti| = ai- Observe that Up^iTp U T' is a partition of E-y. Also, since M^f G {0,1}, if qt > 1, then 

Milf.Kf, = = (1 - l/m)>-l(<r(e,) = /,). We Bud 

^ = P3) 

^ ^ P>ltGTp 

where h = YlteT'Pt and 0 = {Vt G T', cr{et) = ft}- In order to study the expectation of (23), 
we will find a formula for a conditional average of the product YiteTi 

condition on the set of edges in yt G Ti which have an half-edge {et or ft) which is a matched with 
an half-edge of another edge y* G T'-y. More precisely, for y > 1, we further define Sp as the set of 
t G Ti such that for some s G Tp\{t}, cr{yt) O y^ 7^ 0, where cr{yt) = {a{et),cr{ft)}. Also, Sp is the 
set of t G Tp such that cr{yt)riys 7^ 0 for some s G Ti\{t}. We have 5i = Si- We set Tf = Ti\{JpSp 
and for p > 2, T* = Tp\Sp. Finally, <5 is the number of t G Ti which belong to Sp n Sq for some 
1 < p < q. We have the relation, for p >2, 


\T;\ = \Tp\ - |5p|, \Tf\ =ai-Y, |5’p| + 5, 

P>1 

Thus, (23) may be rewritten as 


a-ai = \T'\ P ^ iTpl 

p>2 


1 \^/ 1 \ Ep(p|>5pl + |5p|)-<5-|Si| 


m 


m ) 


(24) 


P>li6T* 


(the term — |5i| comes from Si = Si). Now, we define E the cr-algebra generated by the variables Tf 
and a{et),cr{ft),t ^ Tf. By construction, for t G Ti, the events II and {t G Tf} are T'-measurable. 
If N is the number of t G such that (7{et) 7 ^ ft, we have 


t€T* 


lEj- 



iTy^-iV 



N 
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Let m = m — 2a — Ylp >2 Ster* ^ + K^ift) £ -®*)) be the cardinal of half-edges in E* 

which have not yet been matched when the value of a{et),cr{ft),t ^ T* has been revealed and 0 
holds. If fl holds, the law of N given E is given by a direct counting argument: for 0 < x < |Tj*|, 


F^{N = x) = 


Z 


1 ^ 1*1 /,^*i 


with Z = ^ 


x=0 


m 


First, since m,> m — 4a and a < ^/m, we obtain from (20) 

|r*| 

Z > = c(l -|- ^ > cm)^^ L 

From what precedes, we get, if fl holds. 


teTj* -- - \ / \ / 


Z ^ \ X 

x=0 ^ 


m 


I I / I rj^ I \ 21 1 




Z \ X . 

x=0 ^ ^ y=0 


m 


N-1 


^Ellfe 


— m) 


y=0 


where N has distribution Bin(|T(*|, 1/m). By Lemma 9, we deduce that, if Q holds. 


n ^etjt 


, exit'll 
<c(- , 

m/ 


with s = 4al^fm. Similarly, let Ft be the a-algebra generated by a{es),o'{fs), s 7 ^ t. For any 
1 < t < a, 


P^,(M„,, = 1 ) = ^ 


m — 2 a -|- 1 m* ’ 


(25) 


where m* = m — 2a + 1 and Qt £ is the event that for some s ^ t, a{es) or cr(/s) is in {e*, ft}. 
We get, for p > 2, 

tjt tji y y mr J mr 

If F' is the fj-algebra generated by a{et),(7{ft),t ^ T', the above argument gives, 

1 \ l^'l 


P.F'(^^) < 


m’ 
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Putting these bounds together, we deduce from Lemma 10, (20) and (24) that 

X]p>2 I 


i\|r'| / 1 \ Ep(p|Sp|+|Sp|)-5-|Si| 

|E/| < c(- E - 


m J 


m J 


/ £ \i^ri /1 

\m/ 


m J 


= c 


1 £ rig/ e \-EpiSpi+Y 1 

m J \mJ \m) \m J 


< c( - 
m 


^\a ^ \ Ep>2(pl‘^pl ^I'^pl) Ep>2 1‘^pl 


m 


- E - 


|Si| 


m J 


where we have used that Ij^pm < e < 1. For each t, there exist s,s' such that < 7 {yt) C U y*/, 
hence, we have |5p| > |S'p|/2, and we get 

Y,{p\Sp\ - l|5p|) - ^ I4| = ^(I4| - i|5p|) + - 1)|4| - ^ \Sp\ > 0. 


p>2 

We deduce that 


p>2 


p>2 


p>2 


p>2 


a—ai 


\m/ \m/ 


It remains to upper bound the expectation on the right hand side. The event that {|5i| > x} is 
contained in the event that there are \x/2\ pairs {s,t}, s,t in Ti, such that cr(ys) r\yt ^ 9 (the 
latter can be further decomposed in the union of the four events, a{es) = et, cr(es) = ft, o'(/s) = st 
or cr(fs) = ft)- Arguing as in (25), we find from the union bound and (20), 


P(|Si| > x) < (4a?)r^/2l 


1 

m* 


rx /21 


< c 


m 


= c 


2a yr-/ 2 l 


m J 


(the term (4af)l^^/^^ accounts for the choice of the possible half-edges to be matched). Recalling 
e = Aaly/m, we find 


Ee-|Sil < ^e-^P(|5i| > x) < 0^2" 


2 a \ 21^/21-^ 


< c 


2 a \ ^ 

VI y 2 
J ti. 


< c'. 


x=0 x=0 \ V / \ V / 

From what precedes, it proves that |E7| < c(l/m)“““i(e/m)“i. It concludes the proof of 
Proposition 8 when all edges are consistent. 

We now extend this result to the case of inconsistent edges. Let us say that e € E is an 
inconsistent half-edge of 7 of degree <5 > 2, if there are 5 half-edges, hi, - ■ ■ ,hs, such that for all 
1 < z < 5, {e,hi} is in E.y. The degree of inconsistency of 7 is dehned as the sum of the degrees 
of inconsistent half-edges. The degree of inconsistency of 7, say b, is at most 2b. We use the 
above notation = {yi,... ,ya\, yt = tt, ft} and pt, qt and T' as above. Assume that ei is an 
inconsistent half-edge. Then there exists another edge, say y 2 , such that, without loss of generality 
62 = 61 and /2 / /i. Observe that My^My.^ = Oj hence. 


—yi—y2 


Myt--] 
m J 


1 \ pi / 1 

My^ j 
m J 


1 \ 


1 \ 


1 \ 


= (My,--) -+- (My,--) -- 

\ my \ m J \ mj \ mj \ mj 


1 \ 


-y \ P1+P2 


16 





Similarly, 


—yi yi—y2 



We have then decomposed (23) into at most 3 terms of the form, with i ^ j ^ {1, 2} 



Pj 

m n mi n m. 


2 \Pi+P2 
m J 


n m n m. 

t^T',t>2 tGT',t>2 


or 




Pj 


M 


yi 


n mi n m. 

t^T',t>2 tGT',t>2 


Moreover, by construction, in each term, the degree of inconsistency is at most b — 1. By repeating 
this for all inconsistent half-edges, we have decomposed (23) into less than 3^ < 9^ terms of the 
form (23) with a' = a — b' edges, all consistent, multiplied by a factor ±(1 — with 

b” >b',h> 0. Applying the first part of the proposition to each term, the conclusion follows. □ 


2.5 Path counting 

In this subsection, we give upper bounds on the operator norms of and defined by (17) 
and (19). We will use the trace method and it will lead us to enumerate some paths. 

2.5.1 Operator norm of 

In this paragraph, we prove the following proposition. 

Proposition 11. If 1 < i < logn, w.h.p. for any 0 < k < i, 

< (logn)i®(d- 1 )^=/^ 

Let m be a positive integer. With the convention that e 2 m+i = ei, we get 

m 

(5(^))e2i+i,e2i 

ei,.. .,62771 

2m k 

= (26) 

7 i=lt=l 

where the sum is over all 7 = ( 71 ,... , 72 m) such that 7 ^ = ( 7 ^, 1 ,... , 7 j, 2 fc-i-i) £ fgj. 

z = 1 ,... , m, 

72i,i = 72 i+i,i and 72i-i,2fc+i = 72i, 2 / 0 + 1 , 
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with the convention that 72m+i = 7i- Note that the product ( 26 ) does not depend on the value of 
7i,2fc+i5 1 < * < 2 m. Note also that, if 7j^2fc is given, 7i,2fc+i can take {d— 1 ) possible values. Hence, 
by setting ^ = 72i,2fc+i-t we may rewrite the right hand side of ( 26 ) as 

iiB<*)p”<(rf-ir E (27) 

* = 1 

where Wk,m is the set of 7 = (71,..., 72m) G such that 7* = (71,1,..., 7i,2fc) G and for 

all i = 1,..., m, 

= 'C 2 i-i, 2 fc and 72 i+i,i = l 2 i, 2 k, ( 28 ) 

with the convention that 72m+i = 7i and 7 i^t = For each 7 G hFfc.m; we define as in 

Definition 4 , Vy = UjViy. = {vi^t ■ 1 < i < ‘^rn, 1 <t < 2 k} C V and = {{ 7 i, 2 mi, 7 i, 2 t} : 

1 < i < 2 m, 1 < t < A;} are the sets of visited vertices and visited pairs of half-edges along the path. 
For V G Fy, E^{v) = {ji^t ■ Vi^t = v for some 1 < i < 2 m, 1 < t < 2 A:} C E^ is the set of visited 
half-edges pending at v. Importantly, is connected. 

The proof of Proposition 11 is based on an upper bound on the expectation of the right hand 
side of (27). First, in order to organize this expectation of a large sum, we partition Wk^m in 
equivalence classes. Permutations on vertices and half-edges act naturally on Wk^m- We consider the 
isomorphism class 7 ~ 7 ' if there exist a permutation a G Sy and permutations (ui,..., an) G S}} 
such that, with 7 '^^ = for all 1 < i < 2m, 1 < t < 2k, y = a{vi^t) and ^ = ay, ,{ji^t). We 

may define a canonical element in each isomorphic class as follows. We say that a path 7 G Wk^m is 
canonical if = {1,..., |Fy|}, for all v G Fy, E^{v) = {(n, 1),... , (v, |£'y,(n)|)} and the vertices in 
Fy and the the half-edges in E^{v) are visited in the lexicographic order {x before x + 1 and {x,j) 
before {x,j -|- 1)). Our hrst lemma bounds the number of paths in each isomorphic class. 

Lemma 12 . Let 7 G Wk,m c = d/{d — \). If |Fy| = s and \E^\ = a, then 7 is isomorphic to at 
most cn^{d{d — 1))“ paths in Wk,m- 

Proof. For v G Fy,, let dy = \E^{v)\ and, for 1 < t < d integer, we set {d)t = d{d — 1 ) ■ ■ ■ {d — t + 1 ). 
Observe that, if st = ^{dy = t), we have 

St = s and tst = 2 a. 

t>i t>i 

By construction, 7 is isomorphic to 



distinct elements in Wk,m- However, 

=d'(d- 1)^““" = {d{d-l))^(-^ 

t>i ^ 

Finally, since the graph Gy is connected, we have s < a -|- 1. □ 
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Our second lemma gives a rough upper bound on the number of isomorphic classes. This lemma 
is a variant of [ 7 , Lemma 17 ]. It will rely crucially on the fact that an element 7 G Wk^m is composed 
of 2m tangle-free paths. 

Lemma 13. Let yVk,m{s,o) he the subset of canonical paths with \V^\ = s and \E^\ = a. We have 

\Wk,Us,a)\ < 

Proof. In order to upper bound \ Wk,Tnis, a)l, we need to find an efficient way to encode the canonical 
paths 7 G Wfc,m('S, a) (that is, find an injective map from }Vk,m(s, a) to a larger set whose cardinal 
is easily upper bounded). 

For i < i < 2 m and 1 < t < fc, let Xj,* = (7i,2t-i, 7i,2t) and y*,* = 7i,2t} S E.y. We will 

call an edge of 7. We explore the sequence (xi^t) in lexicographic order denoted by ^ (that is 
{i,t) ^ (i -|- l,t') and {i,t) ^ ii,t + 1 )). We think the index {i,t) as a time. We say that {i,t) 
is a first time, if Vi^2t has not been seen before (that is Vi^2t 7^ for all {i',t') ^ (i,2t)). The 
edge will then be called a tree edge. As its name suggests, the graph, spanned by the edges 
{{vi,2t-iiVi^2t} ■ (ht) first time} is a tree. An edge yi^t which is not a tree edge, is called an excess 
edge and we say that (i, t) is an important time. Since every vertex in different from 1 has its 
associated tree edge, 


X = \{y & E^ : y is an excess edge}] = a — s -|- 1. (29) 

By construction, the path 7 * can be decomposed by the successive repetition of (i) a sequence 
of first times (possibly empty), (ii) an important time and (hi) a path on the tree defined so far 
(possibly empty). Note also that, if (i, t) is a first time then 7 *^ 2 * = (m-|-l, 1) where m is the number 
of previous first times. Indeed, since 7 is canonical, 71,1 = (1,1) and every time time that a new 
vertex, say v, is visited, the half-edge {v, 1) will be seen first. Moreover, if (i, t), (i, t-|-l), • • • , (i, t+p) 
are first times, with m as above, then 7*^24 = (m -|- 1,1) and Xi^t+p = ((m -|- p, 2), (m -|- p -|- 1,1)) 
(since 7 * is non-backtracking in the sense of Definition 4). 

We can now build a first encoding of yVk,mis,CL). If {i,t) is an important time, we mark the 
time {i,t) by the vector {ji,2t-i,7i,2t,7i,2T-i), where (i,T) is the next time that yi^r will not be 
a tree edge of the tree constructed so far (by convention, if the path 7 * remains on the tree and 
7i,2fc+i = 7i+i,i)- From (28), for t = 1, we also add the starting mark (jj,i, 7i,2r-i) where, as above, 
where (i, r) is the next time that yi^^ will not be a tree edge of the tree constructed so far. Since 
their is a unique non-backtracking path between two vertices of a tree, we can reconstruct 7 G Wk,m 
from the starting marks and the position of the important times and their marks. It gives rise to 
our first encoding. 

The main issue with this encoding is that the number of important times could be large. We 
have however not used so far the hypothesis that each path 7 * is tangle-free. To this end, we are 
going to partition important times into three categories, short cycling, long cycling and superfluous 
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times. For each i, we consider the first time such that Vi^ 2 ti £ ■ ■ ■ ■,Vi^ 2 ti-i}- If such 

time ti exists, the last important time {i,t) ^ will be called the short cycling time. Let 

1 < (T < be such that Vi^ 2 ti = Vi, 2 ( 7 - 1 - By assumption, Ci = ( 7 i, 2 o--i, •'' will be the 

unique cycle visited by 7 *. We denote by t > ti, the first time that 7 j 2 f-i ™ ™ 

(by convention t = A: + 1 if 7 * remains on Ci). We modify the mark of the short cycling time as 
(ji, 2 t-i) 7 i, 2 t)'yi, 2 ti,f) 7 i, 2 f-i)) where (ijf), f > t, is the next time that yi^r will not be a tree edge 
of the tree constructed so far. Important times (i, t') with 1 < < t or r < < A: are called long 

cycling times. The other important times are called superfluous. The key observation is that for 
each 1 < i < 2m, the number of long cycling times on 7 * is bounded by x ~ 1 (since there is at 
most one cycle, no edge of E.y can be seen twice outside those of Ci, the —1 coming from the fact 
the short cycling time is an excess edge). 

We now have our second encoding. We can reconstruct 7 from the starting marks, the positions 
of the long cycling and the short cycling times and their marks. For each i, there are at most 1 short 
cycling time and x ~ 1 long cycling times. There are at most A:^™^ ways to position them. There 
are at most d{ds)‘^ = d?s^ different possible marks for a long cycling time and ds{ds)‘^k = d^s^k 
marks for a short cycling time. Finally, there are d{ds) = d'^s possibilities for a starting mark. We 
deduce that 

Using s < 2km, the last expression is generously bounded by the statement of the lemma. □ 


For 7 G Wk,m, the average contribution of 7 in (27) is 

2m k 

f<(7) = Enniii.,»-.T„.r (3") 

i=lt=l 

Observe that if 7 ~ 7' then y{"f) = yij'). Our final lemma will nse Proposition 8 to estimate this 
average contribution. 


Lemma 14. There is a constant k > 0 such that, if 2km < \fdm and 7 G with \V.y 

\E-y\ = a, we have 


\Kl)\ < « 


a-s+l+mf i^km) 


\dn) 


2 \ (2s—a—2—(/c+2)m)_^ 


dn 


s, 


Proof. Let E[ be the set of y G E.y which are visited exactly once in 7, that is such that 


2m k 

= {7i,2f-l,7i,2t}) = 1- 

i=l t=l 

We set a'l = \E[\. Similarly, let 02 the number of y G are visited at least twice. We have 


a'l + 02 = a and a'l + 2 a 2 < 2km. 
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Therefore, a'^ > 2(a — km). Let Ei be the subset oi y & E[ which are consistent and let E^. the 
set of inconsistent edges (recall the definition above Proposition 8). Using the terminology of the 
proof of Lemma 13, a new inconsistent edge can appear at the the start of a sequence of first times, 
at a first visit of an excess edge or at the hrst step of 7 *, z G [2m]. Every such step can create 2 
inconsistent edges. Hence, from (29), if ai = |Ei| and b = |E*|, we have b < 4(a — s + 1) + 4m 
and ai > a'l — 4(a — s + 1) — 4m. So finally, ai > 2{2s — a — 2 — {k + 2)m). It remains to apply 
Proposition 8 . □ 


Proof of Proposition 11. For n > 3, we define 

logn 

m = —;— 7 ;-- . (31) 

131og(logn)J 

For this choice of m, = o(logn)^ and km = o(logn)^. Hence, from (27) and Markov 

inequality, it suffices to prove that 


5= \ii{Ci)\<n{ckmf^{d-\f'^, (32) 


where k' = k + 2 and /^(y) was defined in (30). Since the graph of 7 G Wk^m is connected, 
|Uy| — 1 < \E.y\. Using Lemma 12, Lemma 13 and Lemma 14, we obtain 


00 00 


5 < Y] Y] max \W €Wk,m ■ 1 ' ^ l}\ X \yVk,m{s,a)\ X max ^^( 7 ) 

7^ 7eWfe,^(s,a) 7GVVfc,^(s,a) 


< 


^ ^ cn"((i(d-l))“( 2 (iA:m) 6 ™i“-"+ii+ 6 "*K“-"+^+"*r^^ 

s=l a=s—l \ / \ / 


2 \ (2s—a—2—fc'm)+ 


< Si+ 82 + 83 , 


where 5i is the sum over {1 < s < k'm, s — 1 < a}, 82 over {A:'m +1 <s,s — l<a< 2 s — 2 — k'm}, 
and S 3 over {k'm + 1 < s, 2s — 1 — k'm < a}. We have for some constant c' > 0, 


k'm 


Si < cnK"*( 2 d/tm)®”^^(d- 1 )*-^ 


S=1 


a=s—1 


K{d — l){ 2 dkm) 


6m \ a-s+l 


n 


< n(c'A:m)®™(d-l)^'”^^ 

p=0 ^ ^ 


\6m \ P 


For our choice of m in (31), for n large enough, 

{ 2 dkm)^'^ ^ (log n)i 2 m ^ 

n ~ n ~ 
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In particular, the above geometric series converges and, adjusting the value of c, the right hand 
side of ( 32 ) is an upper bound for 5 i. Similarly, with e = {8km)‘^/dn = o(l). 


oo 2 s— 2 —k'm 

S2 < cnK^{2dkmf^ (d-^ 

s=k'm-\-l a=s—1 

s—l—k'm 


K{d — l){ 2 dkmY 


&ra \ “-S+1 


en 


s=k'm+l ' 

{(^kmf^id - Yid- ly ( 


= n 


p=0 


6m \ P 


Again, the geometric series are convergent and the right hand side of ( 32 ) is an upper bound for 
82- Finally, 

' K{d — l){2dkmy"^'^ 


53 < cnK^{2dkmf'^ Y id-iy-^ Y 

s=k'm+l a= 2 s—l—k'm 

< Ac'k^r t 

s=k'm+l ^ 

= n{ykmy'^{d-iy''^Y{d-iy(^^^Yyy 


n 


p=0 


6m \ P+1 


The right hand side of ( 32 ) is an upper bound for S3. It concludes the proof. 


□ 


2.5.2 Operator norm of 

We now adapt the above paragraph for the treatment of ■ 
Proposition 15. If 1 < i < logn, w.h.p. for any 1 < k < £, 


\R 


Wi 


<{iognyyd-iY-’^/y 


Let m be a positive integer. We use the definition of R^^^ in ( 19 ). Arguing as in ( 26 ), we find 

2 m k —1 i —1 


\r: 


7 i=l t=l t=k 

where the sum is over all 7 = (71,..., 72m) such that 7* = (7i,i,..., 7i,2£) G “(7) = 

Ojlu “(71); and for all z = 1 ,..., m. 


72 i,i = 72 i+i,i and 72i-i,2£ = 72i,2£, 

with the convention that 72m+i = 7i- The product ( 33 ) does not depend on the value of 7i,2£) 
1 < z < 2 m and it depends on 7i,2fc-i only through 0(71) = K'ji 2k-iii 2k ^ {d — 2 ,d — 1 }. Hence, 
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(34) 


setting = ^ 2 i, 2 i-t and summing over 7j,2£, 7i,2fc-i, we find 

2m l-l 

Iid'’ii""' < E «7)nn"Sln., 

where is the set of 7 = (71,..., 72m) S n^(^-i)x2m £qj. all i = 1,..., m, 721-1 G 

l2i G T'^iZik^ V2i,i = V2i-i,2e-2 and 724+1,1 = 72 i, 2 £- 2 , with the convention that 72m+i = 7 i and 

7i,t = Finally, = Mg/ if ^ is odd and t < A: — 1 or i even and t > l — k + 1 , otherwise 

= Mf.f. The constant j 3 {'y) could be explicited but it will not be necessary. We will only use 

that 

|/3(7)| < (d-1)^™ < c™. (35) 

For 1 < z < 2 m odd, we set ki = k and for i even A:* = — A; + 1 . Let 7 = (71, • • • , 72m) G X^^. 
We write 7* = ( 7 + 7 ") where, 7' = (7*+,... , 7 i, 2 fci- 2 ) and 7" = ( 74 , 2 ^^-!, • • ■Xi,2i-2)- By dehnition 
7' and 7'' are tangle-free but G^t u G^tt u {74,2fci-2,74,2fci-i} is tangled. It follows that either G^^ 
is a connected graph with a cycle or both G^r and G^^n contain a cycle. Notably, any connected 
component of G-^ has a cycle, it follows, 

|I4y| < \E^\. (36) 

As in the previous paragraph, we consider the isomorphism classes on X^^. Using (36), the 
proof of lemma 12 gives immediately the next statement. 

Lemma 16. Let 7 G X^^. If\V^\ = s and \E^\ = a, then 7 is isomorphic to at most n^{d{d — 1 ))“ 
paths in X^^. 

We have the following upper bound on the number of isomorphism classes. This lemma is a 
variant of [7, Lemma 18]. 

Lemma 17. Let X^^{s,a) he the subset of canonical paths with |Uy| = s, \E.y\ = a. We have 

\^tmis,a)\ < (2d£m)^2m(a-s+l)+12m^ 

Proof. We adapt the proof of Lemma 13 and use the same terminology. For 1 < z < 2m odd, we set 
ki = k and for i even ki = £ — k + 1. To each z, we say that 74 is connected or disconnected whether 
Gyi intersects the graph Hi = [Jj^iG.y.UGY or not. If 7 * is disconnected, we define for 1 < f < — 1, 
Xi,t = {li,2t-i,li,2t)- If li is connected, for 1 < f < A:* - 1, we set Xi^t = {'Ji, 21 - 1 X 1 , 21 ), and if Uj > ki 
is the first time such that Vi^ 2 <Ti G Hi, we set for ki<t< ai, Xi^t = {'^i^ 2 {ai+ki-t),li, 2 (ai+ki-t)-i) and 
ior Ui + 1 < t < £ — 1, Xi^t = ( 74 , 2 z-i, 74 , 2 *)- We then explore the sequence (xj,*) in lexicographic 
order. The dehnition of yi^t, hrst time, tree edge and excess edge carry over, that is (z,i) is a hrst 
time if the end vertex of has not been seen before. When 7 ^ is connected, we add the extra mark 
((T 4 , 74 , 2 cri, 74 , 2 T-i) where (z,r), r > fjj, is the next time that yi^t will not be a tree edge of the tree 
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constructed so far. If 7 * is disconnected this extra mark is set to 0. With our ordering, all vertices 
of V^\{ 1 } will have an associated tree edge, at the exception of Vi^ 2 ki-i when 7 * is disconnected. 
If 6 is the number of disconnected 7 i’s, we deduce that there are d + a + s — 1 excess edges. Note 
however that there are at most x = o + ■? — 1 excess edges in each connected component of G-y. 

We may now repeat the proof of Lemma 13. The main difference is that, for each i, we use that 
7 ' and 7 '' are tangled free, it gives short cycling times and long cycling times for both 7 ^ and 7 ". 
Then, for each i, there are at most 2 short cycling times and 2(x — 1) long cycling times. Since 
there are at most ways to position them, we get that 




where the factor accounts for the extra marks. Using s < 2im, we obtain the claimed 

statement. □ 


For 7 e average contribution of 7 in (27) is 

2m e-i 


i=l t=l 


Lemma 18. There is a constant k > 0 such that, if 2im < y/dn and 7 G with \Vy 

\Ey \ = a, we have 


Hl)\ < 



{8£m)‘^ 

dn 


{2s—a—2—{2i—k-\-Q)m)j^ 


S, 


Proof. We adapt the proof of Lemma 14. Let be the set of y G Ey which are visited exactly 
once in 7 and If ^2 is the number of y G Ey which are visited at least twice, we have 

a5 + 02 = a and o)* + 2 o 2 < 2(£ — l)m. Therefore, o)* > 2(a — {i — l)m). Now, let E[ be the subset 
of y = { 7 i, 2 f-i 7 i, 2 t} in E^ such that If a'^ = \E'f\, we find a'^ > o? — 2m{l — k). Now, 

let El be the subset of y G E^ which are consistent and let E^, the set of inconsistent edges. In 
each connected component of Gy, each excess edge can give rise to at most four elements in FJ*, 
the starting edges 7*7 at most 2, and, if 7 ^ is connected, the intersection time (i,cTi) to at most 4. 
Hence, if oi = |F^i| and b = |U*|, we have b < 4(a — s + 1) + 12m and oi > a[ — 4(a — s + 1) — 12m. 
So hnally, oi > 2(2s — a — 2 — {2i — k + 6 )m). It remains to apply Proposition 8 . □ 


Proof of Proposition 15. For n > 3, we define 


m = 


log n 

251og(logn) 


(37) 


For this choice of m, im = o(logn)^. Hence, from (34)-(35) and Markov inequality, it suffices to 
prove that for some constant c > 0 , 


5 = 

■yexf 

' t,m 


(38) 
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with k" = 

S < 

< 


2i — k + Q. Using (36), Lemma 16, Lemma 17 and Lemma 18, we obtain 

oo CX) . N2\(2s-a-2-fc"m)+ 

EE 

s=l a=s \ / \ / 

S1 + S2 + S3, 


where Si is the sum over {1 < s < k"m, s < a}, S 2 over {k"m + 1 < s < a < ( 2 s — 2 — k"m)}, and 
S 3 over {k"m + 1 < s, 2s — 1 — k"m < a}. We may then repeat the proof of Proposition 11 where 
k” replaces k'. For example, for some constant c > 0, 


k"m 




S = 1 


K{d — l){ 2 dim 


A 2 m\ 


n 


OO / 
p =0 ^ 


c{ 2 dim) 


12 m \ P 


n 


For our choice of m in (37), we have, for n large enough, (2d£m)^^™’/n < . Hence, the above 

geometric series converges and the right hand side of (38) is an upper bound for Si. The treatment 
of S 2 and S 3 is exactly parallel to the treatment of S 2 and S 3 in the proof of Proposition 11. It 
concludes the proof. □ 


2.6 Proof of Theorem 2 

All ingredients are finally gathered. We fix f ~ Klog^_i n for some 0 < k < 1/4. By Lemma 7 and 
Lemma 6 , if H is the event that G{a) is Atangle free, 

F^|A 2 l — Vd — 1 + = P^|A 2 | ^ y/ d — 1 + e; +o(l) 

< > v^d^ + e)+0(1), 

where 

j = iiB<''ii + L E -1)'"''' + rf/ E ii<ii- 

fc =0 k=l 

On the other end, by Propositions 11-15, w.h.p. 

J < (log nf\d - 1)^/2 + Yid - y (d -1)'-^/2 

an an 

k=Q k=l 

< (logny\d-Y^ + o{l), 

since (d —1)^ = 0{n'^). Finally, for our choice of i, (logn)^®/^ = l-|-0(loglogn/logn). It concludes 
the proof. 

Remark 1. Proposition 15 is stronger than our needs in the proof of Theorem 2. Any bound 
of the form for some p > 0 , would suffice by taking k > 0 small enough so that 

p^ = 0{n{d — 1)^/^). It can slightly shorten the proof. 
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3 New eigenvalues of random lifts 

We now introduce the model of random lifts and present an analog of Theorem 1 in this new 
context. The notation is independent from the previous section. Let us first introduce a convenient 
representation of multi-graphs. Let G = {V, E) be a finite simple graph with vertex set V and edge 
set E = {et : t G T} where et = {xt, yt}- The set of directed edges is the set of pairs formed by the 
edges : 

E = {{x,y):{x,y}GE}cV\ 

We have |L1| = 2\E\. We further assume that V comes with a vertex map i : V —)• l{V). The vertex 
map acts naturally on V‘^. The triple X = (V, E, l) will be called a multi-graph on the actual vertex 
set i{V). This definition allows for multi-edges that is e, f G E such that t(e) = i(/) and loops, i.e. 
edges such that i(e) = (n, n). The adjacency matrix A of X is the symmetric matrix indexed on 
iiy) dehned for all u,v G iiV) by 

Auv= ^ Ki'ix.y) = {u,v))\{{x,y] G E). 

{x,y)&V^ 

The non-backtracking matrix i? of X is the matrix indexed on E defined for all e, f G E hy 

where if e = (x, y), ei = x, 62 = y and e~^ = {y, x). We set r = \E\ and let 

Pi>---> \Pr\ 

be the eigenvalues of B with multiplicities. We shall assume that B is an irreducible matrix (it 
is equivalent to X connected and |L^| > |t(f^)|, see [13]). Then, the Perron eigenvalue pi is larger 
than 1 and it is the growth rate of the universal covering tree of X. 

Definition 19 (Lifts). For integer n > 1, is the family of permutations a = such that 

iTg-i = for all e G E. A n-lift of X (also referred as a n-covering of X) is a multi-graph 
Xn = {Vn, En, i^n) wUh Vertex set and vertex map 

Vn = V X {1, • • • n} and Ln{x, i) = (i(x), i), 

such that, for some a G , 

En = |{(a^,f), (y,o-e(f))} ■.e = {x,y)G E^ 

We write X(a) for the n-lift associated to a G . An edge ((x,i), (?/, fJe(i))) G E^ with e = {x,y) 
will simply be denoted by {e,i), so that {e,i)~^ = (e~^,ae(i}). 

We say that X„ is a random n-lift if, for any e G E, ae is a uniformly distributed permutation 
and {(r(x,y)W{y,x)){x,y}€E independent variables. 
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Let Xn be a n-lift as above and Bn be the non-backtracking matrix Xn- We consider the vector 
subspace H of M®", 

iL = |/ E ; f{e,i) = /(e,l) for alH > 1, e e e}. (39) 

The dimension of H is r. For e £ E, we define the vector Xe G by Xeifj'^) = l(c = /)■ The 
orthogonal of H is 

= |/ E ; (xe, /) = 0 for all e € ^}. 

It is straightforward to check that BnH C H, B*H C H and the restriction of Bn to H is B. It 
follows that the spectrum of Bn contains the spectrum of B (with multiplicities). We will denote 
the nr — r new eigenvalues of Bn by Aj with 

|Ai| > ••• > |A„|. (40) 

They are the eigenvalues of the restriction of Bn to The main result of this section is the 

following improvement on [13, Theorem 0.2.6]. 

Theorem 20. Let X he a finite multi-graph whose non-backtracking matrix B is irreducible and 
let Bn be the non-backtracking matrix of Xn, a random n-lift of X. If the new eigenvalues of Bn 
are denoted as in (40) and pi is the Perron eigenvalue of B, then, for any e > 0, 

lim P(|Ai| > yfpi -h e) = 0. 

n—)-oo 

Arguing as above, if An is the adjacency matrix of Xn, then the spectrum of An contains the 
spectrum of A. We may similarly define the new eigenvalues of An as the remaining eigenvalues. 
If X is a d-regular multi-graph, then the Ihara-Bass formula (11) remains valid. As a by-product 
of Theorem 20, we deduce the following corollary. 

Corollary 21 (Friedman and Kohler [13]). Let X be a finite d-regular multi-graph with d > 3 and 
let An be the adjacency matrix of Xn, a random n-lift of X. If\pi\ is the largest absolute value of 
the new eigenvalues of An, then, for any e > 0, 

lim pf|//i[ > 2 ^/d — 1 -|- e) =0. 

If d is even and A is a bouquet of d/2-loops then by standard contiguity results. Corollary 21 
implies Friedman’s Theorem 1. Also, coming back to Theorem 20, Angel, Friedman and Hoory [5] 
proved that y/ffi is the spectral radius of the non-backtracking operator of T, the universal covering 
tree of X. In [11], Friedman conjectures similarly that, for a random n-lift, the new eigenvalues 
of the adjacency matrix have absolute value bounded by p -|- o(l) where p is the spectral radius of 
the adjacency operator of T. In the case of d-regular multi-graphs, T is an infinite d-regular tree 
and p = 2\/d — 1 : it follows that Corollary 21 is consistent with the conjecture. For the general 
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case, the best known resnlt is due to Puder [27] who proves the upper bound \/3/? + o(l) for the 
new eigenvalues. For a large class of local operators, one may expect that the new eigenvalues of a 
random n-lift will be bounded by p + o{l) where p is the spectral radius of this operator on T. This 
phenomenon can be thought as the analog of the weak Ramanujan property for arbitrary graphs. 
Theorem 20 is an illustration of this phenomenon for the specific case of the non-backtracking 
operator. 

4 Proof of Theorem 20 

Theorem 20 is proved as Theorem 2. The path decomposition and the probabilistic estimates will 
be sligthly simpler for the permutations rather than the matching of Theorem 2. On the other end, 
since the multi-graph X is arbitrary, the path counting argument will be a litttle more involved. 
The notation will be as close as possible to the notation used in Section 2. 

4.1 Path decomposition 

In this subsection, we fix a G and consider its associated n-lift, Xn = X{a) and its non¬ 
backtracking matrix. Our aim is to derive a deterministic upper bound on the new eigenvalue of Bn. 
To this end, similarly to Subsection 2.2, with a slight abuse of notation, we set = .E x {1, • • • , n} 
so that, if e = {e,i) and f = {f,j), 

{Bn)ef = l(t(e2) = i(/l))l(/ / e"^)l((Te(i) = j). 

Elements in E„ will be called half-edges. Let H be as in (39) and P be the orthogonal projection on 
H. Since BnH C H and B^H C H, we have the decomposition Bn = PBnP + {I — P)Bn{I — P). 
We apply Lemma 3 to 5 = PB^P and R = Bf^ — S = {I — P)B^{I — P). We find that for the new 
eigenvalues of Bn, 

[All < sup (41) 

XGH-^ ,\\x \\2 = l 

The right hand side of the above expression can be studied by an expansion of paths in the graph. 
We first adapt Definitions 4-5 to our new setting. 

Definition 22 (Paths and Tangles). For a positive integer k, let ■j = {■ji,..., 7 ^) with 7 * = (e*, it) G 

En, et = {xt,yt), vt = {xt,it), 

- If for all t > 1, e 2 t = the sequence 7 is admissible. The set of admissible sequences is 

denoted by Ll^. 

- If ^ G n^, the set of visited vertices, edges and pairs of half-edges are denoted by = {vt : 
1 < t < k}, E-y = {{v 2 t-i,V 2 t} : 1 < t < k} and E-y = {{'^ 2 t-i,l 2 t} : 1 < t < k}. We denote 
the multi-graph associated to 7 by G-y = (y^,E^,Ln). (Note that E-y and E^ are in hijection and 
elements in E-y will also be called edges). 
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- //7 £ and for all t > 1, in{v 2 t+i) = i-n{v 2 t) and e 2 t+i 7 ^ e 2 t, the sequence 7 will be called a 
non-backtracking path. 

- The set is the set of non-backtracking paths, //e, f £ En, we denote by paths in such 
that 7 i = e, 7 fc = f . The sets and will denote the subsets of tangle-free paths in F^ and 
Fgf (see Definition 5). 

For e = (x,y) £ E, let Mg be the permutation matrix associated to cJe, defined for all i,j £ 
{1 ,... ,n}, by 

iM,)ij = liae{i)=j). (42) 

Observe that Mg-i = M* = M~^. If e = (e, i), f = (e“^,j), we also set 


ilFgf — — (iVFe)jj. 

Then, by construction, for any e, f £ En, 


{Btu= E n ^72.-172., 

and, if Xn is £-tangle-free and <k < I, 


s=l 


= B^^'> 


(43) 


where 




72s-l72s • 


76Fef +1 ^=1 


We denote by J the matrix on M” with all entries equal to 1. Then, we introduce for e = (e, i), 

f = (e"\j), 

M = Mg — — and M f = Mr = 
n 

(observe that Mg is a stochastic matrix and Mg is the orthogonal projection of M on 1-*-). We 
define the matrix on for t) < k < I, 


(SW)ef= E 


■72s-l72s ■ 


(44) 


76^2'=+! s=l 


We use the convention that a product over an empty set is equal to 1. We use the same telescopic 
sum decomposition than in (18), we find 


— (5^f^)ef+ E E TT ^72.,-i72., f TT -^72«-l72a- 


7eFjj+^ ^=1 ^=1 


(45) 


k+1 
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(k) (k) 

We rewrite (45) as a sum of matrix products of ^ and Bn ' up to some remainder terms. We 
denote by K the matrix on M®" defined by 


K = B®J. 


where ® is the usual tensor product and J is as above. 

For 1 < fc < m — 1, Tjp is the set of 7 = (71,..., 7^) such that (i) 7' = (71,..., 7^) e F^, (ii) 
7" = ( 7 fc+i,... , 7 m) G and (hi) ^(77^') is tangled with (7^,5,7^+1) G F^ (if 7t = (et,it), 

6 = (e^^,ifc_|_i) and i^efee^+i = !)• Then, if is the subset of 7 G such that 71 = e and 
7m = f, we set 

fe-i £-1 

{Rk^)ef = ^ n —72 s-172s n-^72 s72s+i- (46) 

7Gr«_l,ef ^ 

Summing over j 2 k ia (45), we find that 


n n 


k=l 


k=l 


Observe that if x G 


Kx = {B 0 Jn)x = 0 and BnH^ C . 

Hence, if Xn is £-tangle free and x G then, from (43), we find 

k=l 

Putting this last inequality in (41), the outcome of this subsection in the following lemma. 

Lemma 23. Let I > 1 be an integer and a G S® be such that Xn = X{a) is i-tangle free. Then, 
if the new eigenvalues of Bn are as in (40), we have 


|Ai| < 




i/i 


4.2 Computation on the random lifts 

In the remainder of this section, Xn = X{a) where a is uniform on S^. Our first lemma checks 
that Xn is Ctangle free if i is not too large. For u = {x,i) & Vn and v = {z,i) G tn(Pn), the 
half-edges adjacent to a vertex is defined as 

En{u) = ^{e,i) : e = {x,y) e C En and En{v) = |J En{u). 

u:bn(u)=v 
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The degree of an actual vertex w G in{y) is \En{w)\ (the degrees are the row sums of An). We set 

d= max \En{v)\. (47) 

vei.{Vn) 

Note that d is independent of n and it is equal to the maximal degree in X. 

Lemma 24. Let I ~ «:log^_]^ n with 0 < k < 1/4. Then w.h.p. Xn is i-tangle free. 

Proof. The proof is a simple adaptation of Lemma 7. We fix n = {z, i) G iniVn) and we explore its 
neighborhood by revealing sequentially the permutations a = {ae)eeE. The exploration at each step 
picks a vertex of iniVn) and an adjacent edge and reveals its neigbor. We start with Dq = En{v). 
At stage t > 0, if Dt is not empty, take an element at+i = {et+iAt+i) in Dt with et+i = {xt+i,yt+i) 
and [xt+iAt+i) at minimal graph distance from v (we break ties with lexicographic order). We 
set ut+i = {yt+i,cFet+St+i))- If h+i = (e)/_\,jt+i) G Dt, we set Dt+i = Dt\{at+i,bt+i}, and, 
otherwise, 

Dt+i = {Dt U £'('Ut+i))\{at+i, 6t+i}. 

At stage T < nr, D^ is empty and we have explored the connected component of v. Before stage 

i-i 

m = 


'^^d{d+\)^ ^ —OM(i+l)^j, 


k=l 


we have revealed the subgraph spanned by the vertices at distance at most i from v. Also, if v has 
two distinct cycles in its ^neighborhood, then S{v) = Srhm > 2. where, for t > 1, 


St = '^Ss and St = l{bt e Dt-i). 


s=i 


At stage t > 0, for any e G 77, at most t values of Ue have been discovered and \Dt\ < d+{d—l){t—l). 

We will denote by Et the cr-algebra generated by {Dq, ■ ■ ■ ,Dt) and Pj-j the conditional proba¬ 
bility distribution. Then, r is a stopping time and, if t < r A m, T) = {(e)I(_\,i) G : 1 < i < n}, 
and nt <t IS the number of s < t such that or bg is of the form {efff^.^ ,i), we find 


= 1 ) = 


n — nt 


, m\ 

<c|-)=,. 


Hence, S{v) is stochastically dominated by a Bin(m, g) variable. Arguing as in Lemma 7, from the 
union bound. 


P(G is ^-tangled) < ^P(S'(n) > 2) < = O 


V=1 


V=1 


{d-1) 


4£ 


n 


It concludes the proof of Lemma 24. 


□ 


31 




For 7 = - , 7 fc) G II'', with 74 = {et,it), et = {xt,yt), vt = {xt,it) we say that an edge 

{e,f} G is consistent, if {t : e G { 724 - 1 , 724 } or f G { 724 - 1 , 724 }} = {t : {e,f} = { 724 - 1 , 724 }}- It 
is inconsistent otherwise. The weight oi y £ is l({ 724 -i, 724 } = y)- 

Proposition 25. There exists a constant c > 0 such that for any 7 G with 2k < ^/n and any 
ko < k, we have, 

ko k 

IE -172t n -^72t -1724 

t=l t=ko-\-l 

where a = \E^\, b is the number of inconsistent edges of 'j and a\ is the number of 1 <t <kQ such 
that { 724 - 1 , 724 } is consistent and has weight 1 in E^. 

Proof. Step 1 : reduction to a single edge. We set 7 ^ = {et,it). We consider a total order on V 
and set E~^ = {(x,y) £ E : x < y}. Up to reversing 724-1 and 724 , we may assnme without loss of 
generality that each edge {x, y} £ E is always visited in the same sense: if x < y, (x, y) appears 
on odd edges 624-1 and (y,x) appears on even edges 624- Since the random permutations (o'e)eGE+ 
are independent, we have 

ko k 

72 t- 172 t rr IE M.-y2t-l-y2t JT ^I2t-ll2t 

4=1 4 =fco + l eGi?+ l< 4 <A;o : 624-1=6 fco + l< 4 <fc : 624 - 1=6 

It thus suffices to prove the statement for 7 G 11^ such that for some e £ E and all t > 1, 624-1 = e. 
We make this assumption in the remainder of the proof. 

Step 2 : we assume that all edges are consistent. We may now essentially repeat the proof of 
Proposition 25. For ease of notation, we set e = {x,y), 724-1 = ( 6 ,it), 724 = ( 6 “^,j 4 ), a = 

M_ = Mg. We have E^ = {/i, ..., fa} with ft = {ut,vt}, ut = (x, it), vt = {y,jt)- We also set 

J* = {!,.. .,n}\{jt :l<t<a}. 

In particular, since all edges are consistent, | J*| = n — a. The weight of yt is denoted by wt. We 
have Wt = pt + qt, where pt is the weight of yt in ( 71 ,..., 7 ^ 0 ). For integer p, we introduce the sets 
Tp = {t : pt = p, qt = 0 } and T' = {t : qt > 1}. Since Mtj £ { 0 , 1 }, we find 



where h = '^teT' Pt ^ I® event {Vt G T', a {it) = jt}- We further define Sp as the set of 
t £ Ti such that for some s £ rp\{t}, cr{it) = js or a{is) = jt- Also, Sp is the set of t G Tp such 
that <y{it) = js or a{is) = jt for some s £ Ti\{t}. We have Si = Si. We set Tf = Ti\ Up Sp and for 
p > 2, T* = Tp\Sp. If 5 is the number of t G S'p n for some 1 < p < q, we have the relation 

|T{| =ai-^|Sp|+5. 

p 
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With our new variables, (48) may be rewritten as 


w = 1 q 1 - 


1 \ ^ / 1 \ Eplpl^pl+l^pD-^-iSii 


n J \n J 


n n m,i, 

p>lt£T* 


(49) 


Now, we define T the filtration generated by the variables ^ T^. By construc¬ 

tion, for t G Ti, the events 14 and {t G Tj*} are J^-measurable. If N is the number of t G such 
that cr{it) / jt, we have 


= E^(l- 


iGT* 




n 


N 


n J 


Let h = 'n—a—'^p ^2 YlteT* £ J*)- If H holds, the law of N given T is given, for 0 < x < |rf 

by 


Fjr{N = x) = 


Z 


1^1*1 


with Z = ^ 


a :=0 


Tr 


[n 


First, since h> n — 2a and a < ^/n, we deduce from (20), 

IT* I 


a :=0 

Also, if 14 holds, arguing as in Proposition 8 

T 1^1* I 

u,. - 


Z > ^ j h* = c(l + n)l^i I > cn^^i L 


n 

tGT* 


x—1 




x=0 
N-1 

E ]J(2/-h), 

y=0 


y=0 


I \ \Tt\-x f l\^ 


n 


where N has distribution Bin(|Tj*|, 1/n). By Lemma 9, we deduce that, if 14 holds, 

'e\\Tt\ 


n 


t&Tf 


< C 


©' 


with s = ^^aj^fn. Similarly, let Tt be the hltration generated by (j(is)^a s ^ t. For any t 


= 1 ) = 


1(14 


< 


n — a + 1 n* ’ 


where n* = n — a + 1 and 14^ G Ft is the event that for some s t, a{is) = jt or a ^(j<j) = H- We 
get, for p >2, 


-HJt I 


1 1 


EfJMi.jJ'’ < E^,|Mi,„|" <(l-rl - + 


n / n 


1 


1 


n / n 
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If F' is the the hltration generated by a{it),(7 ^ T', the same argument gives, 

It remains to putting these bounds together, we deduce fron (20) and (49) that 
|Etc| < c 


1 \ / F \ |7i*| / 1 \ Ep(p|5pl + l'S^pl) I'^ll / 1 \ 'I2p>2 I^P I 

E(-) ' ' ' ' 


= c 


< c 


n ^ 

\ — 0,1 
n 




n ) 


n ) 




n 


Vny 


^\a ai \ X]p>2(pl'5pl 2l‘^pl) Ep>2 1‘^pl 

' I \ TO’I \ 


n 




We conclude as in the proof of Proposition 8 that Proposition 25 holds when all edges are consistent. 
Step 3 : extension to inconsistent edges. Let us say that e = (e, i) G E,y is inconsistent of degree 
<5 > 2 , if there exist distinct fi, • • • , f^, = (e ^,js), such that for all I < i < d, {e, f*} is in E,y. We 

say that f = (e“^,j) G E,y is inconsistent of degree 5 if the mirror condition occurs. The degree of 
inconsistency of 7 is defined as the sum of the degrees of 7 ^. The degree of inconsistency of 7 , say 
b, is at most 2b. With these definitions, we conclude exactly as in the proof of Proposition 8 . □ 


4.3 Path counting 

In this subsection, we give upper bounds on the operator norms of and defined by (44) 
and (46). We will use the trace method and, up to minor changes, the argument will be parallel to 
Subsection 2.5. 

4.3.1 Operator norm of 

We denote by || • ||i the £^-norm in and, for e G E, we define the unit vector 5e{f) = l(e = /). 
The following holds for any A: > 1 and e G E, 

||B©e||l < (d-l)^ (50) 

where d was defined in (47). Moreover, 

lim = pu 

k^oo 

where pi is the Perron eigenvalue of i?. In this paragraph, we consider a scalar p > 1 and an integer 
io such that 

||-B^<5e||i < P^ for all k > £q and e £ E. (51) 

We will prove the following proposition. 
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Proposition 26. Let p,iQ as in (51) and 1 < i < logn. Then, w.h.p. 

||bW|| < 

To be precise, in Proposition 26, I = £(n) may depend on n but p, io are constants (and what 
is hidden behind w.h.p. depends on p,io)- For the main part, we repeat the proof of Proposition 
11. Let m be a positive integer. Arguing as in (26), 

2m I 

= ED (52) 

7 i=lt=l 

where the sum is over all 7 = ( 71 ,... , 72 m) such that 7 , = ( 7 i,i,... , 7 i, 2 £+i) € fQj. 

i = 1 ,..., m, 

l 2 i,i = 72 i+i,i and 721 - 1 , 2^+1 = 72 i, 2 £+i, 

with the convention that 72 m+i = 7 i- The product (52) does not depend on the value of 7 i, 2 £+i, 
1 <i < 2m, and, if 'yi^ 2 i is given, 7 j, 2 £+i can take di^ 2 £ — 1 possible values where dip£ is the degree of 
t(xi^ 2 e) in X with 7 ^,* = {ei^t,ji,t), Si^t = {xi^t,yi,t)- Hence, by setting 7 ( 5 ^^^ = 'y 2 i, 2 £+i-t in the right 
hand side of (52), we get 

2 m £ 

iiB<«ii^"-< E (53) 

76 ^ 7 ,m i=lt=l 

where Wi^m is the set of 7 = ( 71 ,... , 72 m) £ such that 7 * = ( 7 ^, 1 ,... , 71 , 2 ^) £ and for 

all z = 1 ,..., m, 

£n{v 2 i,l) = in{v 2 i-l, 2 £) and 721 + 1,1 = 72 i, 2 £) (54) 

with the convention that 72 m+i = 7 i) Vi^t = and 

m 

pil) = Y\{d2i-1,2£ - 1 ) < (d - 1 )™. 

i=l 

Permutations on vertices act naturally on H^ : for 7 , 7 ^ G H^, we consider the isomorphism 
class 7 ~ 7 ', if there exists {crx)xev S such that, with 74 = {et,jt), 7 t = (e'tJ't), et = {xt,yt), 
e[ = {x[,y[), for all 1 <t< k, e( = et and = (Jxtijt)- We may define a canonical element in each 
isomorphic class as follows. For x G P, we define V.y{x) = {vt : xt = x}. We say that a path 7 G H*^ 
is canonical if for all x G V, Vy(x) = {{x, 1),... , (x, |Py(x)|)} and the vertices of Vy{x) are visited 
in the lexicographic order. The number of paths in each isomorphic class is easily upper bounded. 

Lemma 27. Let 7 G H^ with |Py| = s then 7 is isomorphic to at most n* elements in H^. 
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Proof. For x G V, let Sx = |V^( 3 :)|. By construction, Sx = s and 7 is isomorphic to 


n 


n! 

(n - Sj;)! 


X 


as requested. 


□ 


We now upper bound the number of isomorphic classes in Wi^m- The next lemma contains the 
only noticeable difference with Subsection 2.5. 

Lemma 28. Let We,mis, a) be the subset of canonical paths in We,m with |Fy| = s and \E.y\ = a. 
There exists a constant n depending on io,p and X such that, we have 


Proof. We start by recalling some definitions used in the proof of Lemma 13 . For i < i < 2m and 
1 < f < £, let ai,t = (7j,2t-i,7i,2t) and bi,t = {7i,2t-i,7j,2t} G £'7- We explore the sequence (ajy) in 
lexicographic order denoted by We say that {i,t) is a first time, if Vi, 2 t has not been seen before 
(that is Vi, 2 t / for all ii',t') ^ (i,2t)). The edge bi,t will then be called a tree edge (the graph 
with edge set {{vi, 2 t-i,Vi, 2 t} '■ (*T) fost time} is a tree). An edge bi,t which is not a tree edge, is 
called an excess edge and we then say that {i,t) is an important time. We denote the important 

times by (i,fg), ^ < q < Qi and set Pq = 0, =1 + 1. We observe that between (i,fq_;^) and 

ii,Pq), there is a < t* such that bi,t is a tree edge for all Pq^i <t < Tq_i and then (z,f) 

is a hrst time for all Pq-i +t<tq. We set ~ ^q~ Since every vertex in Viy different from 

(xi, 1 ) has its associated tree edge. 


X = \{y G E.y : y is an excess edge}| = a — s + 1 , 


and 


2m qi 

y,ysi = s-i. 


i=l q=0 


(55) 


We mark the important times ii,tq), 1 < q < Qi hy the vector (7i^2t’)7i,2T*-i)£*,q) where, by 
convention, for q = qi, yi, 2 l+i = 7i+i,i and ei,q = (ej^2T*-i)''' is the projection of the 

path (7i,2T*-i) ■ ■ ■ ,li,2d ^-i) Similarly, for <7 = 0 , we add a starting mark, (7j^2rj-i5^*,o) 

with Sifi = (ejq,--- ,ei2t\-i)- We observe two facts (i) there is a unique non-backtracking path 
between two vertices of a tree, and (ii) if (i, t) is a first time then 7*^2* = iei,2t, ^ + 1) and ■Jipt+i = 
(Gipt+i, k + 1 ), where k is the number of previous first times {i' , t') + {i, t), such that Xj/^2t'-i = Xi,2t, 
with ei,t = ixi,t,yi,t) (since 7 is canonical). It follows that we can reconstruct 7 G We,mis, a) from 
the starting marks, the position of the important times and their marks. It gives a first encoding. 

This encoding may have large number of important times. To improve it, we partition important 
times into three categories, short cycling, long cycling and superfluous times. For each i, consider 
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the first time such that Vi^ 2 ti £ If such time exists, the short cycling time 

(f, t) is the last important time {i, t) ^ {i, ti). We have t = for some 1 < q < Qi- Let 1 < a < be 
such that Vi^ 2 ti = Vi^ 2 ( 7 -i- By assumption, Ci = ( 7 i, 2 (T-i) • • • ili, 2 ti) will be the unique cycle visited 
by 7 i. We denote by (i, t) ^ (i, t) the first time that 7 ^ 2 i-i ™ ^^ot in Ci (by convention t = £ + 1 if 
7 j remains on Ci). We modify the mark of the short cycling time (i,t) = (f,tq) and redehne it as 
7 *, 2 ti) L 7 i 2 t-i> where {i,Tq), f® > t, is the first time that bi ^^i is not on the tree 

constructed so far and ii^g = (ej 2 f*-i!''' > ®i, 2 d_^^-i)- We also redefine s® as tg^i — f®. Important 
times (z, t) with l<t<aoTT<t<k are called long cycling times. The other important times are 
called superfluous. Then, for each 1 < z < 2m, the number of long cycling times (z, t) is bounded 
by X — 1 (since there is at most one cycle, no edge of E.y can be seen twice outside those of Ci, the 
— 1 coming from the fact the short cycling time is an excess edge). We note also that, if (z,g) is a 
short cycling time and (z, q') is the next long cycling time then f® and ii^g are equal to r®,_j^ and 
Ei^gf-i. Moreover, Sp = 0 for all q < p < q' — 1. 

It gives our second encoding. We can reconstruct 7 from the starting marks, the positions of 
the long cycling and the short cycling times and their marks. For each z, there are at most 1 
short cycling time and X — 1 long cycling times. There are at most ways to position them. 
There are at most possibilities for the t^’s (of the starting marks, long and short cycling 

times). There are r possible choices of eiq. If a is the number of different 7*^4 in 7 , there are at 
most ^ different possible marks for the long cycling time and ^||i 

possible marks for a short cycling time f®. Similarly, there are at most a\\B^^5e. ^ ||i possibilities 

for the starting marks. Finally, from (50)-(51) and (55), 

2m Qi 

l) 2 m(x+lFo^s-l- 2 m(x+lKo^ 

i=lq=0 ' ‘‘ 

Since a < 2£m, we deduce that |VV’£,m(s, o)| is at most 

^^ 2 mx^ 2 m(x+i) ('^ 2 £m) 2 )^'”^^"^\( 2 £m)^^)^”'( 2 £m) 2 ”®(d - l)2”®(x+i)4^^-i-2m(x+i)4. 

It concludes the proof by setting k large enough. □ 


For 7 e Wi^rn, the average contribution of 7 in (53) is 

2m £ 

i=lt=l 

A straightforward adaptation of Lemma 14 gives the following. 


Lemma 29. There is a constant n > 0 such that, if Aim < y/n and 7 G 
\E^\ = a, we have 


\Kl)\ < 


a—s+l+m 


(Sim) 


2 \ (2s—a—2—(^+2)m)+ 


n 


with |Viy 


•s, 
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Proof of Proposition 26. For n > 3, we define 


m = 


log n 


17 log(log n) 


(57) 


For this choice of m, = o(logn)® and Im = o(logn)^. Hence, from (53) and Markov 

inequality, it suffices to prove that 


5= |M7)I 


(58) 


where P = i + 2 and //(y) was defined in (56). Observe that if 7 G 1 ^ 7 ! “ 1 ^ I-£' 7 1 ^ 2 im. 

Also, if 7 ~ 7 ' then ^( 7 ) = Hence, using Lemma 27, Lemma 28 and Lemma 29, we find 


s=l a=s—1 \ / \ / 


2 \ (2s—a—2—£^m)+ 


5 < 

< S 1 + S 2 + S 3 


where Si is the sum over {1 < s < Pm, s — 1 < a}, S 2 over {Pm + l<s,s — l<a<2s —2 — Pm}, 
and S 3 over {Pm + l<s,2s — 1— Pm < a}. We have for some constant c > 0, 


Si 


I'm 


< cnK^{Kim)^°^Y,P^ Y1 


Hi{Kim)^ 


8m \ a—.s+1 


n 


p =0 


s=l a=s—1 

^ n \ 8m \ P 


K{KimY 


n 


For our choice of m in (31), for n large enough, 

{Klmf'^ ^ (logn)^^"^ ^ _i/i7 

n ~ n ~ 

In particular, the above geometric series converges and, adjusting the value of c, the right hand side 
of (58) is an upper bound for Si. The treatment of S 2 and S 3 is exactly parallel to the treatment 
of S 2 and S 3 in the proof of Proposition 11 with P and p replacing k' and d — 1 . It concludes the 
proof. □ 


ii) 

4.3.2 Operator norm of R)^ 

We now repeat the argument for Ry. . This a routine extension of the previous paragraph and 
Subsection 2.5.2. 

Proposition 30. Let p,£o as in (51) and 1 < i < logn. Then w.h.p. for any 1 <k < I, 

||<)|| < (logn)40/""/'- 
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( 59 ) 


Let m be a positive integer. Arguing as in (34)-(53), we find 

2m i-l 

iiflfip” < E 

*=1 i=l 

' £,m 

where is the set of 7 = ( 71 ,, 72 m) C such that for all 1 < z < m, 721-1 G '^ 2 k- 2 -’ 

l 2 i e T^il 2 k^ i-n{v 2 i,i) = in{v 2 i-i, 2 i- 2 ) and 72 i-Hi,i = l 2 i, 2 i- 2 , with the convention that 72^+1 = 71 
and 7 i,t = = {xi,t,yi,t), Vi^t = In (59), we have set = Mgj if i is odd 

(i t) 

and t < k — 1 or i even and t > i — k + 1, otherwise ' = Mg/. Finally, 

0<p(7)<(d-l)'™, 

accounts for the terms which have been summed as in (34) and (53). 

Let 7 = (71, • • • , 72m) G We write 7* = (7', 7") where, if i odd, 7' = (7,7,..., 7*,2^-2) and 

li = {'li,2k-i, ■ ■ ■, 7i,2£-2), while, if i even, 7' = (7*7,..., 7i,2£_2fc) and 7" = (7i,2£_2fc+i, ■ ■ ■, 7i,2£-2)- 
Arguing as in ( 36 ), we have 

|Fy| < iF^'yl. (60) 

As in the previous paragraph, we upper bound the number of isomorphism classes in X^^. 

Lemma 31. Let X^^{s,a) be the subset of eanonical paths in X^^ with |V^| = s, \E^\ = o. There 
exists a eonstant n depending on io,p and X such that, we have 

|A;;^(s,a)| < 

Proof. We adapt the proof of Lemma 28, using the extra input of the proof of Lemma 17. For 
1 < z < 2m odd, we set ki = k and for i even ki = i — k + 1. To each z, we say that 7 * is connected 
or disconnected whether G.yii intersects the graph Hi = U G.^' or not. If 7 * is disconnected, 

we define for 1 < t < £ — 1 , 0^7 = ( 7 i, 2 t-i, 7 i, 2 t). If 7 i is connected, for 1 < f < fcj — 1 , we set 
= ( 7 i, 2 z-i; 7 i, 2 t)) and if ai > ki is the first time such that G Hi, we set for ki < t < ai, 

apt = {'yiXai+ki-t),% 2 (ai+ki-t)-i) and for Ui -M < t < ^ - 1, Ui^t = {li, 2 t-i,li, 2 t)- We then explore 
the sequence ( 0 * 7 ) in lexicographic order. The definition of 6 * 7 , first time, tree edge and excess edge 
carry over, that is (z, t) is a first time if the end vertex of ai^t bas not been seen before. When 7 * is 
connected, we add the extra mark (< 7771 , 20 -^, 7 i, 2 T-i) £ 1 ) where (z, r), r > Uj, is the next time that 6^7 
will not be a tree edge of the tree constructed so far and e* = (ej^r-ij ■ ■ ■, ei, 2 z'-i) is the projection 
of ( 7 i, 2 T-i; • • • , 7 i, 2 t'-i) on X and {i,t') the next important time. If 7 ^ is disconnected this extra 
mark is set to be With our ordering, all vertices of I 7 \{ 7 i 7 } will have an associated tree 

edge, at the exception of Vi^ 2 ki-i when 7 ^ is disconnected. If 6 is the number of disconnected 7 i’s, 
we deduce that there are 5 -|- a -|- s — 1 excess edges and there are at most x = a + s — 1 excess edges 
in each connected component of G-y. It follows that the analog of (55) is 

2m qi 

J2'^sI = s- 1-6 <s-l, 

i=l g=0 
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where, as in the proof of Lemma 28, is the number of new vertices between two successive 
important times. 

We now repeat the proof of Lemma 28 with the difference that for each i, we use that 7 ' and 
7 " are tangled free, it gives short cycling times and long cycling times for both 7 ' and 7 ". Then, 
for each i, there are at most 2 short cycling times and 2{x ~ 1) long cycling times. Arguing as in 
Lemma 28, we get that \X^^{s,a)\ is upper bounded by 

^^4mx^4m(x+l) ((2^m)^£)^™(2£m)2"^(d - l)4m(x+l)4^s-l-4m(x+l)4^2m^^2£m)2£)2™, 

where the factor r^™'((2t'm)^£)^™' accounts for the extra marks. Taking k large enough, we obtain 
the claimed statement. □ 


For 7 e the average contribution of 7 in (53) is 

2m l-l 

^(7)=Enn"SL.7,.. 

i=i t=i 

A straightforward extension of Lemma 18 gives the following. 


Lemma 32. There is a constant k > 0 such that, if Mm < ^Jn and 7 G 1^1 “ 

\E.y\ = a, we have 


/ 1 \ “ / (2s-a-2-(2f-fc+6)m)+ 

IK7)I<»—(i) (1^) 


Proof of Proposition 30. For n > 3, we define 

^ |_331og(logn)J ■ ^ ^ 

For this choice of m, = o(logn)^. Hence, from (59) and Markov inequality, it suffices to prove 
that for some constant c > 0 , 


5= 1^7)1 < (c^m)4°V""*, 


(62) 


with k" = 2i — k + 6 . Since n('y) is constant on each isometric class, using (60), Lemma 27, Lemma 
31 and Lemma 32, we obtain 


S < 
< 


00 00 


EE {Mm) 

s=l a=s 

S 1 + S 2 + ^ 3 , 


16m(a—s+l)+24m a—s+l+m 

rv 



(8im)'^ 

n 


{2s—a—2—k"m)j^ 
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where Si is the sum over {1 < s < k''m, s < a}, S 2 over {k"m + 1 < s < a < ( 2 s — 2 — k"m)'\, and 
S 3 over {k"m + 1 < s, 2s — 1 — k''m < a}. We may then repeat the proof of Proposition 11 where 
k” replaces k'. For example, for some constant c > 0, 


k"m 00 


Si < 




n 


p=0 


s=l a=s 

/ n ilGm \ P 


K,{K£my 


n 


For onr choice of m in (61), we have, for n large enongh, Hence, the above 

geometric series converges and the right hand side of (62) is an npper bound for Si. The treatment 
of S2 and S3 is exactly parallel to the treatment of S2 and S3 in the proof of Proposition 11. It 
conclndes the proof. □ 


4.4 Proof of Theorem 20 

All ingredients are hnally gathered. Let 1 < pi < d — 1 be the Perron eigenvalue of B. We hx e > 0 
and i ~ Atlog^_i n for some 0 < k < 1/4. We may take p < d — 1 in (51) such that y/p < yfp^ + e. 
By Lemma 24 and Lemma 23, if H is the event that is f-tangle free, 

TdAil > ^/pl + 2e) < P(|Ai| > ^/p + H) + o(l) 

< VP + e)+0(1), 

where J = + A On the other end, by Propositions 26-30, w.h.p. 

J < (logn)'V'/' + < (log+ 0 ( 1 ), 

k=l 

since = 0{n'^). Finally, for onr choice of £, (logn)^^/^ = 1 -|- 0(loglogn/logn). 
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